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Ap-Aoc ESTIMATES FOR GENERAL MULTILINEAR SPARSE 

OPERATORS 

MAHDI HORMOZI AND KANGWEI LI 


Abstract. In this paper, we study the Ap-A^o estimates for a class of multilinear dyadic 
positive operators. As applications, the Ap-Aao estimates for different operators e.g. 
multilinear square functions and multilinear Fourier multipliers can be deduced very 
easily. 


1. Introduction 


The weighted norm inequality is a hot topic in harmonic analysis. In 1980s, Buckley 
[T] studied the quantitative relation between the weighted bound of Hardy-Littlewood 
maximal function and the Ap constant. Specifically, he showed that 

where recall that 

[w]ap := sup{w)q{w^-p')^q^. 

Q 

Here and through out, {■)q denotes the average over Q. 

Since then, the sharp weighted estimates for C alder on-Zygmund operators has attracted 
many authors’ interest, which was referred to as the famous A 2 conjecture. The A 2 
conjecture (now theorem) asserts that 


\\T\\LP{nj) < C[w], 


It was finally proved by Hytonen m- The interested readers can consult m for a survey 
on the history of the different proofs given for A 2 theorem. Moreover, Hytonen and Lacey 
m extends the A 2 theorem to the so-called Ap-A^o type estimates, i.e., 


\\T{-(T)\\LP{a)^LP{w) < c[w,(j]Api[w]A^ + W]aJ^ 


where 


[w,a]Ap ■.= snv{w)Q{aYQ \ [w]a^ :=sup—^ / M{lQw)d. 
Q ^ Q w{Q} Jq 


Q Q 

and cr needn’t to be the dual weight of w, i.e., we don’t require that a = 'w^~p . 
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Now the story goes to the multilinear case. First we need to extend the Ap weights to 
the multilinear case. Let 1 < pi,..., pm < oo and phe numbers such that | ^ ‘ ^ 

and denote F = (pi,... ,Pm)- Now we define [w, constant: 

m 

[re, a]Ap = sup(u ;)<3 ' 

^ i=i 


In the one weight case, i.e., ai = and w = Ili^i satisfies 

the Ap condition if [w,a]A^ < oo, see [22]. For the Buckley type estimate, the second 
author, Moen and Sun [23| studied the sharp weighted estimates for multilinear maximal 
operators for all indices and multilinear C alder on-Zygmund operators when p > 1. The 
corresponding Ap-A^o estimate was obtained in |7| and [23|, respectively. Specifically, the 
result for multilinear maximal operators reads as 

I rn J_ 

\\M{-a)\\LV^„^)y,...y,LVm(am)^LP{w) < H ' 

i=l 

As to the multilinear Calderon-Zygmund operators, if p > 1, then 

1 m j_ 1 m j_ 

l|r(-<?)||LPi(^i)x...xLP-(a^)^LP(«;) < ^]Ap{YlWi\A^ + Na. E ))' 

i=l j=li^j 


The spirit of the above results is reducing the problem to consider the so-called sparse 
operators. Recall that given a dyadic grid T>, we say a collection 5 C P is sparse if 


U <3' 


Q'oQ 

Q' 


<\\Ql 


and we denote Eq '■= Q\ VJqi^s,q%qQ'■ Now given a sparse family S over a dyadic grid 
D and 7 > 1, a general multilinear sparse operator is an averaging operator over S of the 
form 


TpQ^jp{f){x) — I 


.Qe 5 U=i 




1/7 


XQix) 


where po G [ 1 , 00) and for any cube Q 

(/)q,po •“ 


1 

W\ 


'Q 


\f{x)\P°dx 


1 

PO 


It was proved in [5] that the multilinear Calderon-Zygmund operators are dominated 
pointwisely by Ti,i, 5 . In |1], Bui and the first author also showed that the multilinear 
square functions are dominated pointwisely by Ti, 2,55 nnd therefore, they obtained the 
Buckley type estimate for multilinear square functions. For 7 = 1 and general po, it was 
shown in [ 2 ] that Tpo,i ,>5 dominates a large class of operators with rough kernels (which 
include multilinear Fourier multipliers) as well. Therefore, everything are reduced to study 
'Ppo,'y,S- Our main result states as follows. 
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Theorem 1.1. Let 7 > 0. Suppose that po < pi,... ,pm < 00 with ^ ^ 

w and a he weights satisfying that [w,a]Ap^ < 00 and w,ai € ^00 for i = 1,... ,m. If 
7 > Po, then 


Tpo,'y,sif) 


.w.ai A 
LP{w) P/po 


n [<"'«»+wtE " n II/. 


2=1 


j = l 


^ I I \\Ji\\LPi{wi)'> 
2=1 


l_£i 

where Wi = a- , i = 1 , ■■■ ,m and 


1 1 

.7 P 

If 7 < Po, then the above result still holds for all p > 7 


1 1 


:= max <-, 0 

7 P 


The proof of Theorem 11.11 is quite technical. In the literature, the Ap-A^o estimates 
usually follows from testing condition. Our technique provide a way to obtain Ap-A^o 
estimates without testing conditions. The idea follows from a recent paper by Lacey and 
the second author m, where they studied the Ap-A^o estimates for square functions in 
the linear case. We generalize their method to suit for the multilinear case with general 
parameters 7 and po- 


2. Proof of Theorem O 


Let us first observe that it suffices to prove Theorem 11.11 for po = 1- Indeed, suppose 
Theorem o holds for Po = 1. Consider the two weight norm inequality 

(2-1) \\Tpo,'y,s{f,9)\\LP(w) ^ ■^\\f\\LPl{wi)\\9\\LP2{w2), 

where we use M to denote the best constant such that (12. ip holds. Rewrite (j2.ip as 

which is equivalent to the following 


LP2 {W2)^ 


Ti,^Mf^9)\\LPtpoM<^^°\\f\\ Lpi/po(wi)\\9\\lp2/po{w2)- 


Then by our assumption, we have 


^ ^]a 


P/PO 


[^ 2 ] 




fi—i') J- 

7j/+/r iDi 

A, 


(KIaL + 


So we concentrate on the case po = 1. As in 
with the dyadic bilinear operators: 


, we begin with m = 2 , that is we deal 


T{f,9) ■= 

QgS 
Ao 

Without loss of generality, we can assume that all cubes in S are contained in some 
root cube. As usual we only work on a subfamily Sa, which is defined by the following 


and we shall give the corresponding Ap-Aoo estimate 


5, := {Q G 5 : 2 “ < < 2 “+i}. 


'Q 
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Now we can define the principal cubes T for (/, cJi) and Q for (gr, <72). Namely, 

00 

T := 1 ^ - 7^0 •= {maximal cubes in <Sa} 

k=0 

Tfc+i := IJ chjp(F), chjr(F) ;= IQ C Fmaximal s.t.(f)Q > 2 (f)pi}, 

FeTk 

and analogously for Q. We use to denote the minimal cube in which contains 

Q and tt{Q) = iF,G) means that 7 rj^{Q) = F and TTg{Q) = G. By our construction, it is 
easy to see that 

( 2 . 2 ) 

F&T 

We are going to prove that if w,ai,a2 be weights satisfying that [w^a]Ap < 00 and 
r(;,cJi,cJ2 € A^o- Then 

\\T{f(Ji,ga 2 )\\Lp{w) < 

+ nil + HA{^))||/||LPl(ai)ll<7llLP2(a2). 

First, we consider the case p < 7 with 7 > 1 . 


2 . 1 . The case p < 7 with 7 > 1 . In this case, we have 




Q^Sa 


L'P{w) 


E ((/>« r({9)j)v<Ji>SA2)jie 


< 


< 


< 

r\^ 


Q^Sa 

F£T GeG 


Lp (w) 


0 - 2 \7 

G ) 


Y1 (^i)q(^2)^1q 


n(Q)={F,G) 


fgj^ Geg 


0-2 \p 

G ) 


(ui)^(cJ2 )^1 q 


Q^<5a 
7 r{Q)={F,G) 


LP (w) 


Lp (w) 


ElWJFfElWG)" E Ai>o('F2>o1 


FeT 


Geg 

GCF 


'-Q 


AQ)={F,G) 


+ Y((9rjy E)" E (^i)q(^2)qi 


Geg 


F&T 

FcG 


'-Q 


n{Q)={F,G) 


P 

Lp{w) 

P 

Lp (w) 


1 

p 


:=I + IF 
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By symmetry we only focus on estimating I. From [23], we already know that 


T2(<3)) ■ 

n{Q)={F,G) n{Q)=iF,G) 

We also recall a fact that, for a G A^o and S a sparse family, we have 

^ o-(Q) < 2 ^ {cr)Q\EQ\ <2 f M{lRa)dx < 2[a]A^a{R). 

Qes Qes 

QcR QcR 


(2.3) 


(o-i)q(o-2)q1 


Q 


Q€<Sa 

7r{Q)=(F,G) 


Lp{w) 


< 2 p 


E 




(Q)} 


E 


Therefore, 


/<25(((/>?)”Eife)")") E <"iW))'‘( E 


F£F 

Geg 

Q€»Sa 

Q€»Sa 


GCF 

7r(Q)=(F,G) 

7r{Q)={F,G) 

5 25^* ( 


FE «»>=)''( E 

pi(Q)) ''^ 2 ( 0 )^^" 


F^F 

GgQ QSSa 

GCF 


<25n1( 


)”( E 

)"( E E 


FeF 

Gcg 

GGG 



n^(G)=F 

■kFG)=F ■k(Q)={F,G) 

<2hpdt( 

[ E «/>? 

F' E E piW))”' 


FeF 

G^Q 

■kj.{G)=F n{Q)=iF,G) 


''(E E ((9>Gr<'2{G))'" 



F&F G&g 
■k^{G)=F 


^ 2p[f7i]^(^[cJ2]^2^||/||LPl(„l)||c/||LP2(a2), 



1 . 

P 


where (j 2 . 2 p is used in the last step. 


2.2. The case p > 7 with pi = max{pi,p 2 ) <!'}• Here q = p/ 7 . By duality, we have 


E ((/)o )■'«»>« 


Q^Sa 


Lp{w) 


s“p E ((/>QT((9)?rws(pi>j(P2>j»(<3)- 


^ Q 6 >Sa 


Now we suppress the supremum, and denote by % the principal cubes associated to (/i, w). 
Similarly, f{Q) = {F,G,H) means that vrj-(Q) = F, Fg{Q) = G and vr-^(Q) = H. We 
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= E E E E ({/)o)’((9>q )’Wo(<^i>5{^2)Ju.((3) 

F€T Geg Hen QeSa 

GCF HCG 

+ E E E E ((/>S‘)''((9)S“)''WS{<'i>J(<^2>j»(q) 

GegFeTHeH QeSa 

F<ZG HCF 7t{Q)=(F,G,H) 

+ E E E E ((/>qL((9)oLW5{^i)S(<22>j«.«3) 

FeFHeUG&g QeSa 
HcF GCH 

+ EEE E «/>«)’((9)oLws(<2i>S(<t2)Jw(q) 

Gee HeH FeF Q&Sa 

HdG F<ZH 7r{Q)=(F,G,H) 

+ E E E E «/)S‘)"((9>S)Lft>g{<^.)S<<'2>j<.’(0) 

Hen FeF Gee QeSa 

FCH GcF 7 t{Q)={F,G,H) 

+ E E E E ((/>QL((9)oL('‘>Q{'^i)o<‘’2>«”’(e) 

H€H Geg FeF QeSa 

GCH FcG 

:=/ + /' + // + ir + III + ///'. 


First we estimate I. We have 


I < E (V)f )" E (Wo I"" E ('>)« E <<’i)o<‘"2>ju.(Q) 


Lie^ ge5a 

HCG n{Q)={F,G,H) 


<E«/>?LE(w?)-' (E E (o-i)^(o-2)^lQj ( sup 


Hen QeSa 
HcGt,(q)=(P^G,H) 


H'en 

■Kg{H')=G 


<E(WlE(w?) 1E E ,,, II sup Wffi«'iip,'(„, 

fSF G6« "h£« 0«. 

GCF HcG niQ)=iF,G,H) )={F,G) 


<2? ({/>?)■' 


Hen QcSa 

n{H)={F,G) t,(^q)=(p^g,H) 


' E E -2 

Hen QeSa 

w{H)={F,G) n(Q)=(F,G,H) 


imlMH)) 


Hen 

niH)=iF,G) 
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Since ^ + ^ + ^ = 1, by using Holder’s inequality twice we have 


i<2TiY:{{mr EE E 


FeT 


Geg H&n QeSa 

nMG)=F n{H)={F,G) ^^q)=(^f,G,H) 


E E ((s>GrN.i„<^2(G))»(E E E 


FeF Geg 
^AG)=f 


F&F Geg Hen 
nAG)=F n{H)={F,G) 


1 1 


E3 Ta 

It is obvious that I' can be estimated similarly. Next we estimate II. We have 
(fTi)^(cT 2 )^w;(Q) 

7r{Q)={F,G,H) 

= Y (^i)q(^ 2 )q(w^)q|Q| 

Qe^Sa 

n(Q)={F,G,H) 


P .rPi 


-lEX 


7P', p p .2£l 7— , I_t 

^ ((u;)q)~((cti)q)^ ^ ((o-2)q)^ (cr2)Q {w)q ^ \Q\ 

7t{Q)={F,G,H) 


7Pi‘ 

< 2 ^ 


7-7^ 1 

X] ^^ 2 )q ^ IQI 

7t(Q)={F,G,H) 


Since pi = msix{pi,p 2 , q'} and p > 7 , it is easy to check that 

0 < 7 -^<l, 0 < 1 -^< 1 , 

P2 P 


and 


Set 


Then 


l:= 7 - 2 h + l_rPi<l, 

r p '2 p 


1 


/ 1 1 

s ^ p',_ 2 


1 . -fp[ 1 - - 


— 1-h 

p 


2 ’ 


and therefore, 


^ ip'ia r 7—7^ 1 rp'i 

Y {^Gq{(^ 2 Vqw{Q) <2 p / M(c721g) ^^M{w1g) p dx 

T/- C G 


Q^Sa 
-k{Q)={F.G,H) 
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7PiQ 

<2 p 


G 


5 ( 7 —7-f) 

M{a 2 lG) dx 


2 Zi A ^ 




G 


Before we give further estimate, we introduce the Kolmogorov’s inequality (see for example 
[ 22 ]); Let 0 < p < q < 00 , then there exists a constant C = Cp^q such that for any locally 
integrable function /, 

With this inequality in hand, we have 

/G 


\G\ 

and 

(m 

Thus we get 


1 r fn ^Pl\ s'(l--^) 

- M{wlGy^^-—Ux<\\M{wlG)\\ " 

“'I Jg 


LL°°(G,n^) - 


'G 


s('y-'yEi) \ s(7-7-f) s(7-7-r) 

M(cj21g) dx^ < ||M(a2lG)||^i,,^(g%.) < {ct2)c 


JG]> 

Yl' 


/G 


7 p-| a Ilf 

{^i)Q{(y2)Qw{Q) <2~{a2)c '’^w) 


7-7rf i_I£i 


■|G| 


7r{Q)={F,G,H) 


<2rwiGY-pai{G)pia2{G)p2. 


It follows that 


II < 

E(WL 

Ew 

SEKs)")’ E Mi,{<r2)lvi{Q) 


F£F 

H£V. 

Geg 




HCF 

GdH 

7r{Q)={F,G,H) 

< 

rs_/ 

^{(mr 

E 

m 

{{grjr2FwiGY-GYG)^a2{GY^ 


F£F 

H£H 


Geg 


i^f{H)=F ■nu{G)=H 

where again, the Holder’s inequality and (|2.2I) are used in the last step. 

Now we estimate II'. By similar arguments as that in the above, we have 

X] ('7i)q('^2)qW^(<3) <2Kw{FfGai{F)’Ka2{F)I^. 

QSiSa 

niQ)={F,G,H) 

Then it follows that 


v'sEtWc)’ Ews E«/> 

Geg 


fTl\7 

F ) 


HeH 

HCG 


<2f[w]\-j[a2]i 


F£F 

FCH 




E 

Q^Sa 

7v{Q)={F,G,H) 


{(^i)q{(^ 2 )qW{Q) 


\\ 1 p 2 ( 0 - 2 ) 


L^' (w)' 


III and III' can also be estimated similarly. 


2.3. The case p > 7 with p 2 = max{pi,p 2 ) q'}- By symmetry, this case can be estimated 
similarly as that in the previous subsection. 


2.4. The case p > j with q' = max{pi,p 2 ,q'}. Again, we can decompose the summation 
to I + I' + II + //' + /// + III'. The estimates of I and I' have no differences with the 
previous case. Now we consider II. We have 

{(^i)q{(^2)qW{Q) = Y {^i)q{<^2)q{w)q\Q\ 


Q&Sa 

n{Q)={F,G,H) 


Q&Sa 

n{Q)={F,G,H) 


= 2 “ 


Y \Q\ 


Q€tSa 

7r{Q)={F,G,H) 


Since p > 7 and q' > max{pi,p 2 }, we have 


and 


7 - 4 > 0 > 7 - 4 > 0 > 

Pi P 2 


p p 

7-r+7-^ = 27 + l-2p<l. 

Pi P 2 


Then follow the same arguments as that in the above, we get 


Y (^i)q(^2)qW^(Q) < 2“(ui)c, (^2 )g \G\ 


7r(Q)=(F,G,H) 


< 


2 p (u;)g(o-i)c.' (0-2) J 


1 - 2 ^ 7 -: 


7 - 


/G 


(<^ 2)0 |0| 


= 2 p w(Gj p<Ji(G)pi <J2 (G)p2 . 


Then follow the same arguments as the previous subsection we can get the desired con¬ 
clusion. The estimates of II', III and III' can also be estimated similarly. 


3. Applications 

Theorem 11.11 has some new applications. It is obvious that if an operator reduced to 
TpoG,S for some po and 7 , then it is enough to apply Theorem 11.11 for those particular po 
and 7 . Thus, to find out the Ap-A^^ estimates for Multilinear square functions (which 
were introduced and investigated in O [28l [29] ), considering Proposition 4.2. of [3], it is 
enough to apply Theorem 11.11 for ri, 2,5 . 

To observe the other application, we first recall the class of multilinear integral operator 
which is bounded on certain products of Lebesgue spaces on M" where associated kernel 
satisfies some mild regularity condition which is weaker than the usual Holder continuity of 
those in the class of multilinear Calderon-Zygmund singular integral operators. This class 
of the operators motivated from the recent works la uni [IllEaESlEelET] and weighted 
bounds for such operators studied in [2] very recently. The main example of such operators 
is Multilinear Fourier multipliers. Now, to deduce the Ap-A^o estimates for the operators 
of such class, it is enough to apply Theorem 11.11 for applying the main theorems 

of [2]- It is worth-mentioning that the Ap-A^o estimates for linear Fourier multipliers was 
unknown as well as other noted multilinear operators. 
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